We write down a minimal basis for dimension-six gauge-invariant four-fermion operators, with some operator replacements with respect to previous ones which make it simpler for calculations. Using this basis we classify all four-fermion operator contributions involving one or two top quarks. Taking into account the different fermion chiralities, possible colour contractions and independent flavour combinations, a total number of 572 gauge-invariant operators are involved. We apply this to calculate all three-body top decay widths
Introduction
Indirect searches for physics at scales not directly accessible have proved to be fruitful in the past as, for instance, the successful prediction of the top quark mass from radiative corrections has shown. Above the electroweak symmetry breaking scale, new physics not directly observed can be probed by parameterising its effects in terms of an effective Lagrangian involving only the Standard Model (SM) fields and invariant under the SM gauge symmetry SU(3) c × SU(2) L × U(1) Y [1] [2] [3] ,
where O x are dimension-six gauge-invariant operators, Λ is the new physics scale and C x are complex constants. Effects of dimension-eight and higher-order operators are suppressed by at least 1/Λ
4
, and are ignored in this work. Dimension-six gauge-invariant operators were classified in Refs. [3, 4] , totalling 81 operators up to (many combinations of) flavour indices. Later, several of these operators have been found to be redundant [5, 6] and the original list has been significantly reduced.
For top physics, the most relevant dimension-six operators are (i) those yielding top tri-linear couplings with a W , Z, photon, gluon or Higgs boson; (ii) four-fermion ones. The former have been classified in Refs. [6] and a minimal set of top anomalous couplings has been obtained by dropping redundant operators. For the latter, the aim of this paper is precisely to perform such a classification, concentrating on the operators involving one or two top quarks. These operators can mediate top three-body decays, single top production in association with a light quark and top pair production. They will therefore be probed with a high precision at the Large Hadron Collider (LHC), which is expected to produce top quarks copiously. The phenomenology of top-gauge boson operators using a minimal basis has been investigated in detail in Refs. [7, 8] . For four-fermion operators, there is yet a wide field to be explored.
We will begin our task by writing down a new, completely general, basis for dimension-six four-fermion operators. We will prove that it is equivalent to previous ones [3, 4] with some redundant operators dropped and few operator replacements which make our basis more "symmetric". We will find some advantages when using it. First, amplitude calculations are more straightforward, as the colour and isospin structures at the operator level are simpler. Secondly, the results obtained for many observables of interest (as for instance cross sections and decay widths) are very simple in this basis due to its symmetry, and interferences between operators and also with SM contributions are trivial in most cases. For specific processes a different, particular operator selection may reduce further the interferences and give slightly more compact expressions but, in general, the expressions obtained in our basis are quite simple, given the large number of parameters involved. And, in any case, expressions for observables in terms of a different operator set are straightforward to obtain, as we will occassionally do in order to compare with previous literature.
After introducing our basis we will classify all four-fermion operators which give contributions to the effective Lagrangian involving one or two top quarks. Taking into account the different fermion chiralities, colour contractions and independent flavour combinations, a total number of 572 gauge-invariant operators are involved. But remarkably, all the contributions to the Lagrangian we are interested in can be neatly summarised in few tables of easy reading, which we expect will be useful for future four-fermion operator studies, at the very least for bookkeeping purposes. This classification allows to easily find out which gauge-invariant operators generate four-fermion terms with one top quark, with two top quarks, or both, and the relations between these contributions implied by gauge symmetry. The type of the terms generated determines the processes to which gauge-invariant operators can contribute, and in which their presence can be probed. Thus, relations between four-fermion contributions imply relations between processes in which new physics may manifest itself.
As a first application of this classification, we calculate all three-body top decay widths, single top and top pair cross sections in pp, pp and e + e − collisions, including dimension-six four-fermion operators, the SM contribution and their interference. They are:
• Charged current decays t → d k u i d j , t → d k e + i ν j and production processes u i d k → d j t,d j d k →ū i t, u idj →d k t (the charge conjugate processes are also understood). They involve SM contributions, which are very suppressed by small CabibboKobayashi-Maskawa (CKM) mixing angles V 3k for k = 1, 2, as well as four-fermion ones.
• Flavour-changing neutral (FCN) decays t → u k u iūj , t → u k e + j e − i , t → u kνj ν i and production processes u i u k → u j t, u iūj →ū k t, e + e − →ū k t which do not take place at the tree level in the SM and are suppressed at one loop by the Glashow-Iliopoulos-Maiani mechanism [9] . In this case, SM contributions can be safely neglected. (Strictly speaking, four-fermion amplitudes do not involve neutral currents, but it is still useful to use this notation for processes with four quarks of charge 2/3.)
• Top pair production processes: tt productionū i u j → tt,d i d j → tt, e + e − → tt, which have a SM contribution, and like-sign top pair production u i u j → tt which is absent in the SM at the tree level. In particular, we give expressions to calculate the top forward-backward (FB) asymmetry at Tevatron including all contributing four-fermion operators.
The explicit expressions provided for these observables are relatively simple. Nevertheless, there are a plethora of processes studied and keeping a reasonable paper length requires some amount of compact notation, giving observables such as cross sections in terms of gauge-invariant operator coefficients and numerical factors, collected in tables for LHC with a centre of mass (CM) energy of 14 and 7 TeV, and for Tevatron.
It is not our aim to explore the phenomenological consequences of the results derived in this paper, although we will in some cases comment about the implications of these results. Such studies, to be properly addressed, require either to treat the independent parameters (operator coefficients) as effectively independent, or a well-based assumption regarding the relations among them. After all, a gauge-invariant operator basis is a basis in which heavy new physics contributions can be parameterised. One would not expect that any kind of new physics, when integrated out from the Lagrangian, yields effective operators with unrelated coefficients, all of the same order and without "cancellations". On the contrary, the opposite behaviour is often found [10, 11] : heavy new physics when integrated out gives effective operators with correlated coefficients. With this philosophy, we will ignore the common prejudice which sets to zero the coefficients of operators containing terms which could affect B physics, invoking the absence of cancellations between effective operator contributions. That possibility, which may appear to be a "fine tuning", may well be only an effect of the choice of basis. Examples are known [10, 12] for which these apparent cancellations are not only natural but required by the nature of the new heavy physics which is integrated out to yield effective operators.
A final point deserves mention here. In our calculations we keep terms linear in operator coefficients, proportional to 1/Λ 2 , and quadratic ones proportional to 1/Λ 4 . This is not inconsistent despite the fact that we ignore dimension-eight and higherorder operators. For processes without a SM contribution, and for fermion chiralities which do not interfere with the SM amplitudes, the lowest-order term is the 1/Λ from interference terms.
The rest of this paper is structured as follows. In section 2 we write our fourfermion operator basis and in section 3 we classify the four-fermion contributions to the Lagrangian involving one or two top quarks. The explicit calculations of top decay widths are presented in section 4, cross sections for single top production are given in section 5 and for top pair production in section 6. We summarise our results in section 7.
Four-fermion operator basis
We follow the notation in Refs. [3, 4] for gauge-invariant operators, introducing flavour indices i, j, k, l = 1, 2, 3. The left-handed weak SU(2) L doublets are q Li , ℓ Li and the right-handed singlets u Ri , d Ri , e Ri . The Pauli matrices are τ I , I = 1, 2, 3, the GellMann matrices λ a , a = 1, . . . , 8, normalised to tr(λ a λ b ) = 2δ ab , and ǫ = iτ
2
. Fermion fields are ordered according to their spinorial index contraction. In operators with four quark fields, the subindices a, b indicate the pairs with colour indices contracted, if this pairing is different from the one for the spinorial contraction. Our basis consists of the following operators:
(ii)RRRR operators
(iii)LRRL operators
(iv)LRLR operators
All the remaining four-fermion operators written in Refs. [3, 4] but not included in our list can be written in terms of these, using the completeness relations for Pauli and Gell-Mann matrices
and Fierz rearrangements
where A, B, C, D are four-component spinors of the chirality indicated in each case. Explicitly, the operators written in Refs. [3, 4] but missing from our list are
Some of these relations have previously been obtained in Ref. [13] . In summary: in our basis we have (i) dropped from the list in Refs. [3, 4] the unnecessary operators
We see that these substitutions lead to a larger "symmetry" in our basis than in the previous ones, which is apparent with a glance at Eqs. (2) and O ijkl ud ′ , correspond to the two possible colour flows in the four-fermion amplitudes and only interfere when all colours are equal. These interferences are trivial (100% constructive), take the same form in most processes and are easy to parameterise. The symmetry in our basis leads to simple expressions for top decay widths and production cross sections, as it will be seen in sections 4-6.
Four-fermion contributions
In this section we provide a complete list of independent four-fermion operators which give Lagrangian terms with one or two top quarks. We use the shorthand
to easy the notation, and perform Fierz rearrangements ofLRRL terms. We classify the operators according to the four-fermion terms they give, which in turn determine the processes to which they can contribute. We find it also convenient to separate the four-fermion operators giving terms with a b quark (which is the SU(2) L partner of the top) from those giving lighter down-type quarks d k , k = 1, 2.
Four-fermion terms tbū
Four-fermion terms in these three groups arise from four-quark gauge invariant operators with two flavour indices equal to three. Often, the same gauge-invariant operator gives contributions in more than one of these groups. For this reason it is convenient to study them together, allowing for an easy comparison between the different fourfermion contributions. Needless to say, the links between terms in the different groups are due to the gauge symmetry.
The gauge-invariant operators giving four-fermion terms tbū i d j , ttū i u j and ttd i d j (plus the Hermitian conjugate), with u i,j = u, c, d i,j = d, s, b, are collected in Table 1 . We also give the number of independent operators in each case. Note that, for example,
and these two operators are not independent. The same applies to other flavour combinations not listed, involving different index ordering. Operators involving tbū i d j fields contribute to the top three-body decay t → bu idj and processes related by crossing symmetry and/or charge conjugation, such as single top production in hadron collisions, 
All the resulting effective Lagrangian terms are collected in Table 2 , with their corresponding effective operator coefficients. We only show the terms involving t fields, the Hermitian conjugate onestbu idj have the complex conjugate coefficients. In these tables, the coefficient of each four-fermion term in the Lagrangian can be read by simply intersecting the corresponding row and column. In the case ofLRLR andRLRL terms the dots stand for the insertion of the two fields in the upper row, in the order specified (their chirality is determined by the fields in the left column, that is,
. TheLLLL coefficients, which are not all independent, are shown separately. The coefficients of Hermitian operators can be assumed real without loss of generality; they are shown over a gray background. Operators involving ttū i u j fields contribute for example to top pair production in hadron collisions,ū i u j → tt. There are 10 independent four-fermion terms, all of vector type, with two possible colour contractions,
The relevant four-fermion terms are collected in Table 3 . Notice that many of them are not independent, but related by Hermitian conjugation. In the upper and middle tables the dots stand for the insertion of the fields in the second row (the chirality of the latter is determined by the fields in the left column); the resulting bilinear multiplies the corresponding one in the first row. The coefficients of Hermitian operators can be assumed to be real and are shown over a gray background. Table 3 : Four-fermion contributions with ttū i u j fields, being i, j = 1, 2. In the upper and middle tables the dots stand for the insertion of the fields in the second row; a multiplication by the corresponding bilinear in the first row is understood. Real coefficients are shown over a gray background.
We point out that we have used Fierz identities to rewrite some terms such as
, which arise from independent gauge-invariant operators, in order to have as few different four-fermion structures as possible. Thus, the number of independent four-fermion terms is 10, while the number of operator coefficients is 12.
Operators involving ttd i d j fields also contribute to top pair production,d i d j → tt. There are 16 independent four-fermion terms, 8 of vector and 8 of scalar type, with two possible colour contractions, as in Eqs. (11) . The relevant four-fermion terms and their coefficients are collected in Table 4 . As in the previous examples, the dots stand for the insertion of the field(s) in the upper rows and the multiplication by the corresponding bilinear, if so indicated. The coefficients of Hermitian operators can be assumed real and are shown over a gray background. Table 4 : Four-fermion contributions with ttd i d j fields, being i, j = 1, 2, 3. For vector terms the dots stand for the insertion of the fields in the second row; a multiplication by the corresponding bilinear in the first row is understood. ForLRLR andRLRL terms the dots stand for the insertion of the fields in the upper row. Real coefficients are shown over a gray background.
3.2 Four-fermion terms tbe iνj , tte iēj , ttν iνj
These four-fermion terms arise from gauge invariant operators with two quarks and two leptons, with the two quark flavour indices equal to three and the lepton indices arbitrary. The list of gauge-invariant operators and the type(s) of terms they give is presented in Table 5 , including the number of independent operators in each case. Table 5 : Gauge-invariant operators giving four-fermion terms tbe iνj , tte iēj and ttν iνj (plus the Hermitian conjugate). The number of independent operators is also indicated.
Four-fermion terms with fields tbe iνj contribute to three-body top decays t → be 
The contributions to the effective Lagrangian are the ones in Table 6 , plus the Hermitian conjugate. The coefficients of Hermitian operators can be assumed real without loss of generality. They are displayed over a gray background. Table 6 : Four-fermion contributions with tbe iνj fields, with i, j = 1, 2, 3. ForLRLR terms the dots stand for the insertion of the fields in the upper row. Real coefficients are shown over a gray background.
Lagrangian terms with fields tte iēj are involved for example in top pair production at a future linear collider, e + e − → tt. These terms arise in eight possible Lorentz structures, four vector and four scalar terms, LLLL ,LLRR ,RRLL ,RRRR , LRLR ,RLRL (two orderings) .
All contributions to the effective Lagrangian are collected in Table 7 . The coefficients of Hermitian operators are shown over a gray background. Table 7 : Four-fermion contributions with tte iēj fields, with i, j = 1, 2, 3. For vector terms the dots stand for the insertion of the fields in the second row; a multiplication by the corresponding bilinear in the first row is understood. ForLRLR andRLRL terms the dots stand for the insertion of the fields in the upper row. Real coefficients are shown over a gray background.
We also give for completeness the ttν iνj terms, although they seem to have little relevance for phenomenology. After using Fierz rearrangements on some terms, there are only two independent structures,
with three independent operator coefficients for each set of fields ttν iνj . We give in Table 8 the full set of Lagrangian terms with their corresponding operator coefficients. It is worth pointint out that, despite the fact that these four-fermion terms do not contribute to lowest order processes in hadron or lepton collisions, the operators involved can be probed either in top decays or in top pair production through the tbe iνj or tte iēj terms generated, see Table 5 .
Four-fermion terms td
These are four-fermion terms with
They appear from four-quark gauge invariant opera- Table 8 : Four-fermion contributions with ttν iνj fields, with i, j = 1, 2, 3. The dots stand for the insertion of the fields in the second row; a multiplication by the corresponding bilinear in the first row is understood. Real coefficients are shown over a gray background.
tors with one or two flavour indices equal to three. (In the latter case there is no overlap with the ones studied in section 3.1.) The gauge-invariant operators giving such terms are collected in Table 9 , also including the number of independent operators. Fourfermion terms with two like-sign top quarks appear from the same operators giving tū kūi u j terms, but when j = 3.
there is some double counting of flavour combinations when j = 3, and the total number of operators in each case is 40. Table 10 : Four-fermion contributions with td kūi d j fields, being i, k = 1, 2, j = 1, 2, 3. ForLRLR andRLRL terms the dots stand for the insertion of the fields in the upper row.
On the other hand, four-fermion operators giving tū kūi u j terms mediate top FCN decays t → u k u iūj , with i, j, k = 1, 2, as well as several single top production processes such as u i u k → u j t, u iūj →ū k t. Since there are two identical (up to flavour indices) fields u i , u k , there are only 6 independent four-fermion structures,
The resulting Lagrangian terms are presented in Table 11 , where the hermitian conjugate ones are also understood. We have rewritten the (ū Lka γ µ u Ljb )(ū Lib γ µ t La ) con- Table 11 : Four-fermion contributions with tū kūi u j fields, with i, j, k = 1, 2.
tributions from O kji3′ using a Fierz rearrangement and included them in the left table. We point out that there is no analog to O kji3 uu with a different colour index contraction: these operators are redundant as we indicated in section 2. It is also worthwhile remarking here that, since there are two lightū-type fields, in general each term will give two contributions to the amplitudes. This multiplicity will be carefully dealt with in the calculations performed in the following sections.
For operators with two like-sign top quarks, charge conservation requires that the two other fields are light up-type quarks u i , u k . With two identical t fields, forLLLL andRRRR operators the index combinations with i and k interchanged actually correspond to the same operator. There are only four independent structures for them,
as the other possibilities are equivalent due to the presence of two t fields. The resulting terms are collected in Table 12 . In the upper table, the half below the diagonal is identically equal to the one above, with exchange of the two bilinears. In the second 3.4 Four-fermion terms td k e iνj , tū k e iēj , tū k ν iνj
These four-fermion terms with k = 1, 2 are analogous to the ones with k = 3 previously classified in section 3.2. They arise from gauge invariant operators with two quarks and two leptons, with only one quark flavour index equal to three and the lepton indices arbitrary. The list of gauge-invariant operators producing these terms can be found in Table 13 , including the number of independent operators. Table 13 : Gauge-invariant operators giving four-fermion terms td k e iνj , tū k e iēj and tū k ν iνj (plus the Hermitian conjugate). The number of independent operators is also indicated.
Operators with fermion fields td k e iνj can mediate top semileptonic decays t →
. These decays take place in the SM when i = j, i.e. if lepton flavour is conserved, but are suppressed by small CKM matrix elements. There are only four possible Lorentz structures, two of vector and two of scalar type, as in Eqs. (13) . The resulting four-fermion contributions are given in Table 14 , being the Hermitian conjugate terms also present in the Lagrangian. Table 14 : Four-fermion contributions with td k e iνj fields, being k = 1, 2, i, j = 1, 2, 3. ForLRLR terms the dots stand for the insertion of the fields in the upper row.
Four-fermion operators with fields tū k e iēj can mediate top FCN decays t → u k e
and single top production e + e − → tū k , absent in the SM at the tree level. There are eight possible Lorentz structures for these four-fermion terms, four of vector type and four scalar, as in Eqs. (14) . All the possible four-fermion terms with their corresponding coefficients are collected in Table 15 . As before, the Hermitian conjugate terms are also present in the Lagrangian and their coefficients are the complex conjugate of the ones shown. Table 15 : Four-fermion contributions with tū k e iēj fields, being k = 1, 2, i, j = 1, 2, 3. ForLRLR andRLRL terms the dots stand for the insertion of the fields in the upper row.
Finally, the tū k ν iνj terms can also mediate top FCN decays t → u k ν iνj . After using a Fierz rearrangement, there are only two possible Lorentz structures of vector type, as it happens for ttν iνj terms in Eq. (15) . The resulting Lagrangian contributions are collected in Table 16 . (The Hermitian conjugate are also understood.) 
Top decay widths
In this section we calculate and present in turn the partial widths for the several threebody decays mediated by four-fermion operators: charged current decays
For top antiquark decays, the partial widths are the same as the ones shown, but replacing CKM mixing elements and effective operator coefficients by the complex conjugate. We obtain the top partial widths by integrating the corresponding squared amplitudes over three-body phase space, taking all final state particles massless. For charged current processes a SM contribution, mediated precisely by an on-shell W boson, is present. In these cases we perform the exact integrals including the W boson propagator and then make an expansion in Γ W /M W , keeping the necessary terms. Trace manipulations are done using FORM [18] .
We only consider interferences between four-fermion operators which do not require chirality flips of light quarks. Also, most interferences between the SM and four-fermion amplitudes are suppressed by a light u, d, c, s quark or lepton mass. The only exception is for decays t → d k u ib , where there are some interferences suppressed by m b which we also neglect. These decays have SM amplitudes already suppressed by small CKM mixings V ub or V cb , anyway.
t → d k u idj
This decay can already take place in the SM, with an intermediate on-shell W boson. Integrating in three-body phase space and taking the leading terms in Γ W /M W , we obtain
with x W = M W /m t . This result corresponds to the SM width for t → d k W times the branching ratio for W → u idj .
For each set of indices i, j, k there are 16 four-fermion terms in the amplitude, 8 corresponding to the colour flow t a → d ka u ibdjb (with a, b colour indices) and 8 for t a → d kb u iadjb . Both sets have a 100% constructive interference for a = b, which happens for one third of the colour combinations. In order to write the partial widths in a more compact form, it is then very useful to define functions
which satisfy Π(x, x, y, y) = Π(x, y), Π(x, x) = 8/3|x|
2 . With this notation, the fourfermion contributions for j, k = 3 read
When one of these indices equals three, substitutions in theLLLL coefficients of Eq. (20) may have to be performed because not all flavour combinations arise from independent operators, and some of them (in particular, the Hermitian ones) give a contribution twice larger. According to Tables 2 and 10 ,
The interference between four-fermion operators and the SM amplitude is
where the kinematic factors Ω ). The first term between the curly brackets, proportional to the real part of coupling products, corresponds to the off-peak interference (in which the W propagator is almost real), whereas the second term with the imaginary part is the peak contribution, where the W propagator is imaginary. The corresponding phase space factors are
,
As it is expected, for the real part of the interference term there is a large cancellation in the total rate between the two phase space regions m u On the other hand, the interference of the imaginary part is practically equal at both sides of the peak. For illustration, we show in Fig. 1 the normalised ud invariant mass distribution for the decay t → bud within the SM and with C 3113′ = 10, Λ = 1 TeV. It has been obtained numerically by implementing in the generator Protos [19] the four-fermion vertices. As a cross-check of our results, it has been verified that the numerical values of the interference and quadratic contributions coincide with the analytical ones in Eqs. (21) and (20) . We observe that the leading four-fermion operator contributions, suppressed with respect to the SM one by the ratio are rather small even for relatively large value of the effective operator coefficients. Therefore, the presence of four-fermion operators with fields td kūi d j can better be detected in single top production, which is discussed in section 5.1.
Finally, we point out that only O 
t
This leptonic decay is much simpler than its hadronic counterpart in the previous subsection, because there is only one colour flow and fewer gauge-invariant operators with these fields. As a result, only 4 four-fermion terms contribute to the amplitude (see Tables 6 and 14) . The SM and four-fermion contributions, as well as their interference, are The leading effects of four-fermion operators in this decay, namely the interference with the O ℓq ′ operators, are suppressed by (M W /Λ) 2 and numerical factors with respect to the leading SM contribution. Still, this decay may be the only place to probe these operators because they do not contribute to single top production in hadron collisions. As we can see from Tables 5 and 13 , O ℓq ′ cannot be probed in e + e − collisions either. On the other hand, for k = 1, 2, O j3ki ℓq ′ also give tū k ν iνj terms which can mediate a FCN decay t → u kνi ν j , discussed in section 4.4.
t → u k u iūj
This decay does not have a SM contribution but the calculation of the width is still non-trivial due to the presence of two up-type quarks in the final state. We have to distinguish the cases i = k and i = k. In the first case there are 12 contributions to the amplitude, 6 corresponding to operators (ū i u j ) (ū k t) and 6 to (ū k u j ) (ū i t), with i and k interchanged. There are two colour flows t a → u ka u ibūjb and t a → u kb u iaūjb which only interfere for a = b. After averaging over colours, the resulting partial width can be compactly written as
When i = k there are 6 operators and only one colour flow, t a → u ia u ibūjb , because the two quarks u ia , u ib are precisely distinguished by colour when a = b. Whereas, for a = b they are identical particles and the amplitudes get two contributions from each Lagrangian term (with a 1/2 symmetry factor). The final result, after colour averaging, is
The latter expression (independently calculated) corresponds to Eq. (25) setting i = k and dividing by two (note that Π(x, x) = 8/3|x|
2 ). This relation can be easily understood from the previous considerations:
• Case a = b: for i = k there are two sets of contributing operators which differ by the interchange i ↔ k, each set contributing to one of the possible colour flows.
For i = k there is only one set and only one colour flow. Then, setting i = k in the partial width counts twice each contribution.
• Case a = b: for i = k there are two contributions from operators differing by the exchange of i and k while for i = k each operator gives two terms in the amplitude because the two final state u i quarks are identical. However, in the latter case there is a symmetry factor of 1/2.
It is worthwhile pointing out that this relation for the partial widths with i = k and i = k does not hold for the differential quantities, i.e. the angular distributions are not the same.
The possible effect of FCN four-fermion operators in top decays can be measured by the ratio of the prefactor in Γ 4F over the SM width,
which determines the branching ratio for these decays, up to effective operator coefficients, once that the scale Λ is set. The small value of this quantity implies that it is expected that new effects in FCN single top production (section 5.2) would be much easier to spot.
t → u k e
+ i e − j and t → u kνi ν j
The computation of the decay rates for these processes, with a trivial colour structure and no SM contribution, is rather straightforward. The coefficients of the eight operators contributing to t → u k e + i e − j are given in Table 15 . The partial width for this mode is
The decay t → u kνi ν j is completely analogous but involving only two four-fermion terms, which can be read from Table 16 . The corresponding partial width is
These FCN decays are suppressed by (m t /Λ) 4 as the previous decay t → u k u iūj but, in contrast, the four-fermion terms involved do not contribute to single top production at hadron colliders. For i = j = 1, tū k eē terms can be probed in single top production at an e + e − collider, but this is not the case for other lepton flavours, nor for terms involving two neutrinos.
Single top production
After warming up with top decay width calculations, we present here the results for crossing symmetry-related processes: single top production in association with a light quark. Although the matrix elements are the same in both cases, in the latter the phase space integration introduces kinematical differences among effective operator contributions, and initial state parton distribution functions (PDFs) between processes. This makes the analysis much more cumbersome. We will discuss in turn charged current processes at LHC and Tevatron, FCN single top production at the same machines and single top production in e + e − collisions.
Charged current processes in pp, pp collisions
These processes are the counterpart of the top decays studied in section 4.1. For a given initial and final state there are, in addition to a SM amplitude (possibly suppressed by small CKM matrix elements), 16 contributing four-fermion terms, 8 corresponding to each colour flow, with 4 vector and 4 scalar Lorentz structures. All the cross sections for these processes, namely
can be written as
where the numerical factors A 0 , A int , A 1−4 depend on the specific process, as well as the collider (pp or pp) and CM energy. Notice that A 0 times the appropriate CKM matrix elements in the first term on Eq. (31) simply give the SM leading-order (LO) single top cross sections for t-and s-channel single top production subprocesses. In the above equation, the same replacements in operator coefficients done for top decays must be performed for specific index values:
qq ( ′ ) must be replaced by 2 C 3ii3( ′ ) (which are real) if i = j, and by C 3ij3 *( ′ ) if i > j;
The factors A i for LHC with 14 TeV are collected in Table 17, for 7 TeV in Table 18 and for Tevatron in Table 19 . They have been computed using CTEQ6L1 PDFs [20] with Q = m t . There are more sophisticated factorisation scale choices for which SM single top LO cross sections are closer to next-to-leading order ones, but we prefer this simpler one, also bearing in mind that we are mainly interested in four-fermion contributions.
For s-channel production, it is remarkable to find that the quadratic contributions from some four-fermion operators which do not interfere with the SM amplitude can be as large as those from the interference terms. For example, setting i = j = 1, k = 3 and neglecting CKM mixing for simplicity we have
where we have omitted quadratic contributions from other operators in the second equation. For s-channel production the quadratic term is large because it is not suppressed by the s-channel W propagator as the linear and SM terms are. In contrast, for the t-channel processes ub → bt anddb →ūt the interference terms (A int ) are a factor of five larger than the quadratic ones (A 1−4 ).
It is also worth comparing the four-fermion operator effects in top decays and single top production. In the former processes, the leading corrections are proportional to the small ratio η . On the other hand, for single top production the leading effects, relative to the SM cross sections, are proportional to
For example, for ub → dt at LHC (with 14 and 7 TeV) this ratio is around η
, 100 times larger than η CC dec . This means that it will be difficult, using bounds from other processes, to get rid of possible four-fermion operator contributions to t-channel single top production to obtain a model-independent measurement of V tb [14] . , respectively. The labels t,t indicate whether the factors correspond to the processes in the left column or the charge conjugate. , respectively. The labels t,t indicate whether the factors correspond to the processes in the left column or the charge conjugate. , respectively. The labels t/t indicate that the factors are equal for the processes in the left column and the charge conjugate.
Besides, we point out that can recover previous results [15] by setting C
. Summing all contributions from the different sub-processes in Table 17 we get the inclusive t-and s-channel cross sections for LHC at 14 TeV
where σ 0 t,s are the SM cross sections and the dots stand for quadratic terms which, as we have found, can be of the same size as the linear ones for s-channel production. These equations agree very well with Ref. [15] , and the small differences (-3.5% and -1.1%, respectively) in the coefficients of G 4f can be attributed to a different choice of PDFs or factorisation scale.
Flavour-changing neutral processes in pp, pp collisions
There are several processes of FCN single top production in hadron collisions, absent in the SM, to which four-fermion operators can contribute,
They are related by crossing symmetry and/or charge conjugation to the FCN top decays studied in section 4.2, and thus have the same matrix elements, with 12 fourfermion terms (from 14 operators) contributing to the amplitudes for i = k and 6 terms (from 7 operators) for i = k. In the former case, the cross sections can be written as
These equations are also valid for i = k, with a 1/2 symmetry factor for u i u k → u j t and u iūk →ū jt absorbed into the definition of the corresponding B i coefficients (see the discussion in section 4.3 regarding the relation between i = k and i = k). Alternatively, one can also use a simpler expression obtained from the one above by setting i = k,
The factors B i for LHC with 14 TeV are given in Table 20 , for 7 TeV in Table 21 and for Tevatron in Table 22 . They are computed using CTEQ6L1 PDFs [20] with Q = m t . These FCN processes have been previously considered in Ref. [16] but unfortunately the cross sections provided are totally inclusive, summing charged current processes from several flavours as well, and a direct comparison with their results is difficult.
The relative size of FCN single top production with respect to SM processes can be appreciated by calculating the ratios . The labels t,t indicate whether the factors correspond to the processes in the left column or the charge conjugate.
0.119 0.337 t 0.00942 0.0260t i = 2 j = 1 0.00942 0.0260 t 0.119 0.337t i = 2 j = 2 0.00380 0.0104 t/t . The labels t,t indicate whether the factors correspond to the processes in the left column or the charge conjugate.
1.01 2.64 t/t i = 2 j = 1 1.01 2.64 t/t i = 2 j = 2 0.0210 0.0530 t/t times larger than the corresponding quantity η NC dec in the top decay, making very interesting the study of four-fermion operator effects in single top production.
Single top production in e
Single top production in e + e − collisions constitutes the best process to probe tū k eē four-fermion terms, if a high-energy International Linear Collider (ILC) is built. The cross section for e + e − →ū k t with longitudinally polarised beams is
being √ s the CM energy and β = (s − m Table 15 , these operators generate terms (ū Lk e R )(ē L t R ) and (ū Lk t R )(ē L e R ), respectively, plus the Hermitian conjugate. In the notation of Ref. [17] , they would correspond to S LL terms.
Top pair production
For top pair production in hadron and e + e − collisions the multiplicity of sub-processes is much smaller than for single top production. However, the matrix elements (and thus the total cross sections) are complicated by the presence of more interference terms, proportional to m top pair production in hadron collisions will be discussed in detail next. Finally, we will turn our attention to tt production in e + e − collisions.
6.1 tt production in pp, pp collisions
We consider here the processesū i u j → tt,d i d j → tt, with i, j = 1, 2, for which there is a SM QCD contribution when i = j. (We do not include electroweak tt production in our calculations.) Forū i u j there are, in addition, 12 independent four-fermion terms resulting from 14 effective operators, 6 terms for the colour flowū ib u ja → t atb and 6 for u ia u ja → t btb . Ford i d j there are 16 independent four-fermion terms, 8 for each colour flow. We have checked that our matrix elements coincide with Ref. [21] , for the subset of operators considered there. For u iūi → tt the SM plus four-fermion contributions are
and for flavour-nondiagonal processes the four-fermion cross sections are
The numerical coefficients D i are collected in Table 23 for LHC at 14 TeV, in Table 24 for the same collider at 7 TeV and in Table 25 for Tevatron. We have used CTEQ6L1 PDFs with a factorisation scale Q = m t . Notice that, except for different PDFs, the cross sections for uc and cū are equal, involving the same set of operator coefficients.
It is remarkable that at LHC with 14 TeV the quadratic terms multiplying D 2 , corresponding to four-fermion terms which do not interfere with the SM, give a contribution which can be comparable to the interferences of other operators. For example,
where we have omitted other contributions in the second equation. Therefore, these operators are worth being investigated in detail, as well as the ones interfering with the SM. For d idi → tt the SM plus four-fermion contributions are
and for flavour non-diagonal combinations we have 
The coefficients D i for these processes can be found in Tables 23, 24 and 25 as well. We point out that again there are effective operators which do not interfere with the SM but can give quadratic contributions of the same order of the interference terms at a CM energy of 14 TeV. For example,
with additional terms omitted in the second equation.
For Tevatron, it is also of interest to provide expressions for the FB asymmetry of the top quark, motivated by an apparent disagreement between the CDF [22] and , respectively. D0 [23] measurements and the SM prediction. Let θ be the angle between the top quark momentum in the tt rest frame and the incoming proton momentum. The FB asymmetry is
If this asymmetry is originated by new heavy physics contributing to uū → tt, dd → tt, it can be parameterised in terms of gauge-invariant effective operators. In order to calculate this asymmetry in the presence of four-fermion operators, we give here the 
for uū → tt, dd → tt at the tree level. For the former process they are 
being the numerical constants
Obviously,
The numerical coefficients of quadratic terms are about 1/5 of the linear ones, so these terms can be ignored in a first approximation, provided that Λ 1 TeV and the operator coefficients are of order unity. For the latter process the forward and backward cross sections are
with the numerical constants
In this case the quadratic terms are multiplied by small numerical factors, and can be dropped in a first approximation. The FB asymmetry can be obtained just summing the uū and dd contributions and using Eq. (46). Besides, we note that, among the seven operators which interfere with the SM amplitudes and could give sizeable contributions to the FB asymmetry, one (O 3113) is also involved in single top production (see section 5.1). If the FB asymmetry can be explained by new physics which manifests as four-fermion effective operators, related effects might be seen in single top production at LHC as well.
Like-sign top pair production in pp, pp collisions
The process u i u j → tt is rather interesting due to its potentially large cross section, in particular for the case of two initial u valence quarks, and its striking signature of two like-sign top quarks. For i = j the matrix element is similar to the one for t → u i u iūj , u i u i → tu j , except for some extra interference terms proportional to m be written as
with E 1−3 numerical factors, whose values for LHC at 14 TeV, LHC at 7 TeV and Tevatron are given in Tables 26, 27 and 28, respectively, using CTEQ6L1 PDFs with a factorisation scale Q = m t . The case i = j, with identical particles (except for colour) in both the initial and final states, is quite singular. One of the subtleties particular to these processes is that for different initial quark colours a, b the gauge-invariant operators have two terms which contribute to the amplitude. For example, for i = 1 we have
(no sum over a, b). For equal colours, u a u a → t a t a there is only one such term but amplitudes get four contributions with a 1/2 symmetry factor for identical particles, as usual.
2
After colour averaging and phase space integration, the cross sections read
with the factors E 1−3 collected in Tables 26, 27 
It is then expected that a large scale Λ will be probed at LHC for these operators, in the clean final state of two like-sign top quarks.
2 Two contractions were missing from the amplitudes for uu, cc → tt in the first two versions of this paper. The cross section expressions have already been corrected in Ref. [24] , and numerical values for LHC with a CM energy of 7 TeV have been given. By introducing a t-channel propagator in the amplitudes, the results have also been compared with the cross sections for a flavour-violating Z ′ boson in Refs. [25, 26] , obtaining a good agreement. . The labels t,t indicate whether the factors correspond to the processes in the left column or the charge conjugate. 
with β = 1 − 4m 2 t /s the top velocity in the CM frame. The "effective" couplings apprearing in these equations are 
being Q t = 2/3 the top quark charge, s 
We find it more convenient, however, to give separately the interference of four-fermion operators with the SM and full quadratic four-fermion cross sections, including operators which do not interfere. The former is 
Our expressions agree with the unpolarised cross sections in Ref. [27] 
Summary
In this paper we have thoroughly studied the role of gauge-invariant four-fermion operators in top physics. The first difficulty one has to address in such a study is merely to collect all the relevant four-fermion operators, which is cumbersome because of the large number of flavour combinations, not all of them independent, that can be written.
We have used a new, minimal four-fermion operator basis, which offers some advantages for calculations, to classify all gauge-invariant four-fermion operators giving terms with one or two top quarks. (Only a handful of operators give three or four top quarks, and their classification is straightforward.) We have given our results in several compact tables in which the Lagrangian terms can be directly read by intersecting the desired row and column. Having all the possible terms classified represents a good share of the work needed for any calculation, and so we expect that the tables provided will be useful for future studies. A bonus of this classification is that contributions from the same gauge-invariant operators to different channels can be easily related. Just as an example: we can identify which operators produce tbūd terms (and thus contribute to single top production), which ones give ttūu terms (contributing to top pair production) and those producing both.
We have gone beyond the classification, which is already important on its own, to provide calculations of all decay widths, single top and top pair production cross sections mediated by four-fermion operators, including the SM contribution when present. These calculations will be valuable to guide future more detailed simulations, not only to have "reference" numerical values to compare with, but also to identify the most useful channels and the relevant operators which can be probed. In this respect, we have found that in s-channel single top and tt production there are four-fermion operators which do not interfere with the SM amplitudes but whose quadratic 1/Λ 4 contributions to the cross sections can be as large as the linear 1/Λ 2 ones from the interfering ones. As we have argued in the introduction, quadratic corrections from such operators can and must be included in a complete analysis, even if we have ignored sub-leading effects from dimension-eight operators.
The phenomenological implications of our results have not been fully addressed, for example providing expected limits on operator coefficients. This work is left for future detailed studies. Still, there are several interesting points which are worth remarking here:
1. Four-fermion terms with fields td kūi d j (including d k = b) and tū kūi u j will be better probed in single top production than in top decays. In the former case, they contribute to SM t-and s-channel production, while in the latter they mediate new, FCN processes.
2. Four-fermion terms td k e iνj (including d k = b) can only be probed in top decays. Moreover, some of the gauge-invariant operators producing these terms, for example O ℓq ′ , cannot be investigated in other processes as single top or top pair production in e + e − collisions. The net contribution to the decay width of fourfermion operators is very small, but the interference produces an asymmetry in the distribution for invariant masses m eν < M W and m eν > M W , which should be studied with more detail.
3. Operators giving ttū iūj terms will likely be probed with a good precision in likesign top pair production at LHC, especially for i = j = 1, where the cross sections are potentially large and the final state relatively clean.
We have also given expressions to calculate the FB asymmetry for tt production at Tevatron including all contributing four-fermion operators, to complement present studies [21] .
In summary, we have provided in this paper a roadmap for future studies of gaugeinvariant four-fermion operators in top physics, which we expect will be useful now that the era of precision measurements in the top sector has just begun.
